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Modulational instability arising from collective Rayleigh scattering
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It is shown that under certain conditions a collection of dielectric Rayleigh particles suspended in a viscous
medium and enclosed in a bidirectional ring cavity pumped by a strong laser field can produce a new modu-
lational instability transverse to the wave-propagation direction. The source of the instability is collective
Rayleigh scattering i.e., the spontaneous formation of periodiclongitudinalparticle-density modulations and a
backscattered optical field. Using a linear stability analysis a dispersion relation is derived which determines
the region of parameter space in which modulational instability of the backscattered field and the particle
distribution occurs. In the linear regime the pump is modulationally stable. A numerical analysis is carried out
to observe the dynamics of the interaction in the nonlinear regime. In the nonlinear regime the pump field also
becomes modulationally unstable and strong pump depletion occurs.
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I. INTRODUCTION

Modulational or filamentation instability is a fundament
nonlinear wave-propagation phenomenon which has b
extensively studied in a wide range of physical systems
cluding fluids@1#, plasmas@2#, nonlinear optical systems@3#,
and Bose-Einstein condensates@4#. The main feature of
modulational instability is the breakup of initially uniform
wavefronts into localized structures.

In this paper we predict the existence and evolution o
new modulational instability occurring in a suspension
dielectric Rayleigh particles enclosed in a ring cavity illum
nated by laser light. We first give a brief description of t
mean-field model we use to describe this phenomenon.
then show that scattering of the illuminating~pump! laser
light by the particles gives rise to a collective Rayleigh sc
tering instability. This instability is similar to those whic
occur in the high-gain free electron laser@5# and the collec-
tive atomic recoil laser@6#. It produces a simultaneous am
plification of a backscattered~probe! radiation field and a
longitudinal periodic density modulation in the particle d
tribution with a period approximately half the wavelength
the pump. Using a linear stability analysis we show tha
can also produce a modulational instability of the probe fi
and the particle distribution transverse to the wa
propagation direction, but that the pump field is modulatio
ally stable in the linear regime. Finally we use a numeri
analysis to describe the nonlinear evolution of the inter
tion. We find that in this regime the modulational instabili
which has developed in the probe field and particle distri
tion is transferred to the pump field.

II. MODEL

In this section we derive the evolution equations wh
describe the interaction between an ensemble of diele
particles suspended in a viscous medium and two coun
propagating modes of a wide-aperture bidirectional ring c
ity, as shown schematically in Fig. 1. We use a mean-fi
and one-dimensional approximation to describe optical fie
in the cavity, assuming that only one mode is excited in e
direction of propagation, and that the field envelopes h
1063-651X/2003/67~2!/025603~4!/$20.00 67 0256
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only one transverse degree of freedom (x). The form of the
E field in the cavity is therefore,

E5@A1~x,t !ei (kcz2vct)1A2~x,t !e2 i (kcz1vct)1c.c.# x̂,
~1!

whereA1,2 are complex field amplitudes which we refer to
probe ~1! and pump~2!, respectively,kc52pm/L is the
mode wave number,L is the cavity length,m is an integer,
vc5(kcc/Aem

eff) is the mode ~angular! frequency, em
eff

5(nm
eff)2511(xmL/L) is the effective relative permittivity

of the partially filled cavity,xm is the~real! susceptibility of
the viscous medium, andx̂ is a transverse unit vector. Fo
simplicity we have assumed that the pump and probe
frequency degenerate.

The force on thej th particle exerted by the optical cavit
fields can be derived from the Lorentz force equation to

Fj5]dj /]t 3B„zj~ t !…, ~2!

where B(x,z,t)5(nm
eff/c) ẑ3(E12E2) is the magnetic field

of the electromagnetic wave,dj is the dipole moment of the
j th particle induced by the electric field atz5zj ~the axial
position of thej th particle! given by

dj5e0em
effVp@x~A1~xj ,t !ei (kczj 2vct)1A2~xj ,t !e2 i (kczj 1vct)!

1c.c.# x̂,

FIG. 1. Schematic diagram of a suspension of dielectric p
ticles enclosed in a wide-aperture bidirectional ring cavity.
©2003 The American Physical Society03-1
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wheree0 is the permittivity of free space,Vp54pa3/3 is the
particle volume, anda is the particle radius. The susceptib
ity of the dielectric particle isx5x11 ix2, where

x153S ep /em
eff21

ep /em
eff12

D andx252~kca!3S ep /em
eff21

ep /em
eff12

D 2

represent the dispersive and dissipative response of th
pole, respectively,ep is the relative permittivity of each par
ticle. The dissipative response is due to damping via
radiation, i.e., incoherent Rayleigh scattering. It was sho
in Ref. @7# that the dynamics of the particles under the infl
ence of the electromagnetic fields, the viscous drag force
to the medium, and the stochastic Brownian forces exe
on the particle by the molecules of the suspending med
can be described by a Fokker-Planck equation describing
evolution of the particle probability distribution. The dipo
moments of the moving particles constitute a time-depend
polarization which drives the evolution of the probe a
pump radiation fields. The dynamics of the particles and
fields are simultaneously described by a set of coup
Maxwell-Fokker-Planck equations@7#, modified to take ac-
count of the presence of the ring cavity@8# and the transverse
evolution of the fields:

]P~ x̄,u, t̄ !

] t̄
52

]

]u F S 2
1

ḡ
~Ā1Ā2* eiu1Ā1* Ā2e2 iu!1

a

ḡ
~ uĀ1u2

2uĀ2u2!D P~ x̄,u, t̄ !G1ḡs̄2
]2P~ x̄,u, t̄ !

]u2
, ~3!

]Ā1~ x̄, t̄ !

] t̄
2 i

]2Ā1~ x̄, t̄ !

] x̄2

5~11 ia!S 2pĀ2E
0

2p

P~ x̄,u, t̄ !e2 iudu1 iĀ1D 1 idcĀ1

2kS Ā12
Ā1

in

A12R
D , ~4!

]Ā2~ x̄, t̄ !

] t̄
2 i

]2Ā2~ x̄, t̄ !

] x̄2

5~11 ia!S 22pĀ1E
0

2p

P~ x̄,u, t̄ !eiudu1 iĀ2D 1 idcĀ2

2kS Ā22
Ā2

in

A12R
D , ~5!

where x̄52kcArx and t̄ 52vcrt are scaled position an
time variables, Ā1,2( t̄ )522iAe0em

eff/rNpMc2A1,2(t) are
scaled complex probe~1! and pump~2! envelopes, respec
tively, Ā1,2

in are scaled input field amplitudes,ḡ
53pah/vcrM is a scaled viscous damping coefficen

s̄5(nm
eff/r)AkBT/Mc2 is a scaled temperature coefficien

a5x2 /x1 is an incoherent scattering coefficient,k5(1
2R)/2kcrL is a scaled cavity linewidth, dc5(v
02560
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2vc)/2vcr is the scaled field-cavity detuning,r
5NpVpx1/4 is a dimensionless coupling parameter,u
52kcz is a dimensionless spatial variable and it has be
assumed that the viscous damping is sufficiently strong
inertial effects are negligible@7#. kB is Boltzmann’s constant
T is temperature,M is the mass of each particle,Np is the
particle number density in thecavity, i.e., Np5Ns(L/L),
whereL is the sample length,Ns is the number density of the
sample, andh is the coefficent of viscosity for the medium

AssumingP( x̄,u, t̄ ) is periodic inu with period 2p, i.e.,
periodic inz with periodlc/2, wherelc is the wavelength of
the cavity mode and pump field, the distribution functio
P( x̄,u, t̄ ) can then be expressed in terms of its spatial h
monicsPk( x̄, t̄ ) using

P~u,x̄, t̄ !5 (
k52`

`

Pk~ x̄, t̄ !eiku,

where P051/(2p) and P2n5Pn* . The set of Maxwell-
Fokker-Planck equations~3!–~5! can then be written as@7#

]Pk~ x̄, t̄ !

] t̄
5 i

k

ḡ
~Ā1Ā2* Pk211Ā1* Ā2Pk11!

2kS i

ḡ
a~ uĀ1u22uĀ2u2!1ḡs̄2D Pk , ~6!

]Ā1~ x̄, t̄ !

] t̄
2 i

]2Ā1~ x̄, t̄ !

] x̄2
5~11 ia!~2pĀ2P11 iĀ1!1 idcĀ1

2kS Ā12
Ā1

in

A12R
D , ~7!

]Ā2~ t̄ !

] t̄
2 i

]2Ā2~ x̄, t̄ !

] x̄2
5~11 ia!~22pĀ1P1* 1 iĀ2!1 idcĀ2

2kS Ā22
Ā2

in

A12R
D . ~8!

Note that this model considers only longitudinal ponderom
tive forces and neglects transverse ones. This is becaus
length scale of the longitudinal ponderomotive potential
'lc/2, which is the wavelength of the cavity mode. Th
length scales of any transverse inhomogeneities arising f
modulational instability will be much larger thanlc and con-
sequently transverse ponderomotive forces will be mu
weaker than longitudinal ones.

It can be seen from Eqs.~7! and ~8! that a longitudinal
particle-density modulation (P1) can couple the pump an
probe fields. The nature of the coupling depends on the
plitude and the phase of the density modulation, i.e.,
position in the ponderomotive potential formed by the int
ference of the pump and probe around which the partic
bunch. It is this density modulation on a short length sc
'lc/2 parallel to the field propagation direction which giv
rise to a modulational instability with a length scale@lc in
the planeperpendicularto the wave-propagation direction.
3-2
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III. LINEAR ANALYSIS

In this paper we will consider only cases where there is
input probe beam (uĀ1

inu50). In this situation, Eqs.~6!–~8!
have a steady-state unidirectional, homogeneous solutio

Ā1
ss50,Pk

ss50~kÞ0!, Ā2
ss5

kĀ2
in/A12R

k2 idc2 i ~11 ia!
.

The linear stability of this steady state can be determi
by considering small fluctuations inPk , Ā1, andĀ2, i.e.,

Ā15a1~ x̄, t̄ !, Pk5pk~ x̄, t̄ !, Ā25Ā2
ss1a2~ x̄, t̄ !.

Treating these fluctuations as first-order quantities andĀ2
ss as

a zeroth-order quantity, we can write Eqs.~6!–~8! to first
order as

]p1

] t̄
5

i

ḡ

a1Ā2
ss*

2p
2S 2 i

auĀ2
ssu2

ḡ
1ḡs̄2D p1 , ~9!

]a1

] t̄
2 i

]2a1

] x̄2
5~11 ia!~2pĀ2

ssp11 ia1!1 idca12ka1 ,

~10!

]a2

] t̄
2 i

]2a2

] x̄2
5 i ~11 ia!a21 idca22ka2 . ~11!

It can be seen from Eq.~11! that the pump field decouple
from the probe fielda1 and density modulationp1. Assum-
ing the spatial dependence ofa2 is } cos(qx̄), Eq.~11! can be
solved to show that

a2~ t̄ !}ei (11dc2q2) t̄e2(a1k) t̄ ,

so the pump field is stable. Assuming the same spatial
pendence fora1 and p1 as was done for the pump, i.e
a1 ,p1}cos(qx̄), the coupled linear equations fora1 and p1,
Eqs.~9! and~10!, can be solved using Laplace transforms
can be shown thata1 andp1 will grow exponentially in time,
}el t̄ , if the dispersion relation

@l2 i ~11 ia!2 i ~dc2q2!1k#S l1ḡs̄22 i
auĀ2

ssu2

ḡ
D

2 i ~11 ia!
uĀ2

ssu2

ḡ
50 ~12!

has roots with positive real parts (Re (l).0).
Figure 2 shows graphs of maximum scaled growth r

Re(l)max and the scaled transverse wave numberqmax at
which this maximum growth rate occurs, against sca
field-cavity detuningdc . The parameters used wereĀ2

in

50.0315, ḡ56.25, s̄55.4931023, a50, k50.081, and
R50.97. Physical parameters thatat correspond to th
scaled quantities arelc'532 nm, Ns51011 cm23, L
51 cm, L510 cm, em51.77, e52.56, a525 nm, T
5300 K, h51.00231023 Pa s,R50.97, and pump inten
sity I 251.273108 W cm22. Note that we have neglecte
incoherent scattering (a50) rather than use the value co
02560
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sistent with these physical parameters (a50.006). This does
not change the main features of the interaction in either
linear or nonlinear regime, but makes it easier to highlig
the features which are of most interest. The purpose of
communication is to identify and describe general feature
the modulational instabiltility rather than to perform a d
tailed simulation of a particular experimental configuratio
These parameters correspond to a collection of latex mi
spheres suspended in water. It can be seen that maxim
growth rate occurs atdc521.03 andq50, where the probe
field and particle-density modulation will grow with a tran
versely homogeneous profile. A region of modulational ins
bility ~maximum growth rateqmax.0) can be seen fordc.
21.03. Here the probe amplitude and particle-density mo
lation amplitude are modulationally unstable, growing exp
nentially in time and developing strong transverse modu
tions.

IV. NONLINEAR ANALYSIS

In order to observe the evolution of the modulational
stability predicted by the linear analysis into the nonline
regime, we use a split-step Fourier method to solve E
~6!–~8! numerically. The number of longitudinal spatial ha
monicskmax used is chosen to be sufficiently large that t
solution is unaffected by further increasingkmax. The initial
conditions used areĀ1( x̄, t̄ 50)5Ā10

r ( x̄), Ā2( x̄, t̄ 50)

5Ā2
in/(A12R), and Pk( x̄, t̄ 50)50, wherer ( x̄) is a ran-

dom number in the range (0,1#. We have used a weak nois
‘‘seed’’ probe fieldĀ10

to initiate the interaction. We could
equally well have used no initial probe field and a sm
‘‘seed’’ density perturbationuP1u!1 to initiate the interac-
tion and obtain essentially the same results. Figure 3~a!
shows a graph of scaled intracavity probe intensity as a fu
tion of x̄ and t̄ as calculated from Eqs.~6!–~8! using the
parameters uĀ10u5131025, Ā2

in50.0315, ḡ56.25, s̄
55.4931023, dc520.95, a50, k50.081, andR50.97.
The scaled transverse dimension of the window here is

FIG. 2. Graph showing maximum scaled growth ra
Re@l(dc ,q)# and the scaled wave numberqmax at which maximum

growth occurs against scaled field-cavity detuningdc , when uĀ2
inu

50.0315, s̄55.4931023, ḡ56.25, a50, k50.081, and R
50.97.
3-3
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which corresponds to a real transverse width of 5.2 m
These parameters have been chosen so that the system
the region of instability calculated from the linear analysis
the preceding section. It can be seen from Fig. 3~a! that the
scaled probe intensity rapidly develops a strong perio
transverse modulation as it is amplified. Figure 3~b! shows a
similar graph of intracavity pump intensity. It can be se
from Fig. 3~b! that strong depletion of the pump field occu
in the nonlinear regime (t̄ .250 approximately!. This behav-
ior of the intracavity fields is simultaneous with the ampli
cation ofuP1u. Therefore, the probe amplification and stro
pump depletion is due to the spontaneous formation o
periodic density modulation of the particle density with sp
tial period lc/2. In other words a one-dimensional optic
bandgap has spontaneously formed in the medium of
pended particles@8#. Saturation of the probe intensity occu
after a scaled time oft̄'300, primarily due to strong deple
tion of the pump field. For these parameters, this correspo
to a real saturation time of'0.27ms. In addition to pump
depletion, excitation of several higher longitudinal spat
harmonics of the particle-density distribution is also a feat
of the nonlinear regime@8#.

It can be seen that the pump field, while still modulatio
ally stable in the linear regime, is now modulationally u
stable in the nonlinear regime.

V. CONCLUSIONS

It has been shown that under certain conditions a col
tion of dielectric Rayleigh particles suspended in a visco
medium and enclosed in a moderately high-Q bidirectional
ring cavity pumped by a strong laser field can give rise t
transverse modulational instability. Using a linear stabil
analysis a dispersion relation which determines the regio
parameter space, in which the probe field and the part
distribution become modulationally unstable was deriv
The pump field was found to be modulationally stable in
linear regime. A numerical solution of the evolution equ
tions was carried out to observe the dynamics of the inte
tion in the nonlinear regime. The main features of the n
linear evolution were strong pump depletion, as origina
predicted in the plane-wave analysis of Ref.@8# and that the
modulational instability which initially developed in th
probe field and transverse particle distribution was sub
quently transferred to the pump field.

The results reported here suggest that suspensions o
electric particles may be useful media for the investigation
phenomena related to transverse modulational instab
s
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such as optical patterns, spatial solitons, and cavity solito
A more detailed analysis of the one-dimensional model
scribed here and its extension to include, e.g., two transv
dimensions will be carried out in a future extended public
tion. This analysis will also consider effects which cou
possibly exist simultaneously with the modulational instab
ity reported here and may have to be taken into accoun
experimental attempts to observe the phenomena desc
in the manuscript, e.g., stimulated Brillouin scattering fro
the viscous medium.
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FIG. 3. Nonlinear evolution of~a! scaled intracavity probe in-

tensity and~b! scaled intracavity pump intensity as a function ofx̄

and t̄ .
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